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Abstract




=4G in low energy
eective eld theory. The low energy expansion of the classical `intrinsic' entropy is
studied in a non-equilibrium situation: the semiclassical decay of hot at space by
black hole nucleation. We also study formal aspects of geometric entropy and conclude
that, if interpreted as a quantum black hole entropy, it does not admit a standard low
energy expansion. Finally, we propose a qualitative physical picture in which black hole
entropy refers to a space of quasi-coherent states of infalling matter, together with its
gravitational eld. We stress that this scenario might provide a low energy explanation










Black hole entropy has a neat phenomenological meaning. During the late stages of the
collapse process in which a large black hole radiates thermally (i.e., according to Hawking's
calculation [1]), the interaction of the black hole with the rest of the world occurs as if it had




is the horizon area and G is the low











A seemingly equivalent phenomenological derivation of black hole entropy due to 't Hooft
[2] does not assume any thermal equilibrium boundary conditions (which are probably un-
physical for real collapsing black holes). Instead, this derivation is based on a comparison
of semiclassical absorption and emission rates and, in contrast, the main assumptions are
those of unitarity and CPT invariance! The absorption cross section of the black hole would














where the interaction is described by a Hamiltonian H
I
in some underlying quantum de-












































This phenomenological derivation relies on the Hawking emission formula, which is a
low-energy result. Hence, one would expect that a microscopic description of the degrees of
freedom leading to S
BH
could be achieved in low-energy eective eld theory, at least for
large enough black holes, which accurately follow the Hawking radiation formula. Strikingly,
the only such calculation of S
BH
giving the correct result A
H
=4G regards the entropy as a
purely classical entity, without any statistical interpretation [3]. This `intrinsic' entropy is at
odds with the phenomenological notion presented above. Several proposals for an ab initio
quantum construction of the Bekenstein-Hawking entropy have been put forward over the
years (for a review see [4]). Notably, geometric (or entanglement) entropy has been proposed
as responsible for all or part of S
BH
[2, 5].
Entanglement entropy [6, 7] arises when the support of physical operators is convention-
ally restricted to a proper region of space, and nds its origin in quantum correlations across
the boundary between both regions. It is a fully quantum object naturally scaling as the
area, but it is ultraviolet divergent in eld theory. Moreover, this divergence is very dicult
to absorb in a way that the nal result for the entropy of large black holes is preciselyA
H
=4G,
with G the low-energy Newton constant. One possible way out of this is to let quantum
1
gravity dynamically select the cuto. Concrete pictures of this kind include estimates of the
cuto based on horizon uctuations [5], the hypothesis of a `holographic' description of the
state of collapsed matter [8], and the idea that black hole entropy looks classical because
it lives in a Hilbert space of states which cannot be realized in eld theory, such as special
(perturbative) string congurations [9] (the question of one-loop corrections in string theory
is a subtle one; see Refs. [10]). A striking feature of all these scenarios, in which one invokes
subtle eects of quantum gravity to target the value A
H
=4G, is that automatically Hawking's
semiclassical calculation becomes suspect. Not only black hole entropy, but also Hawking's
temperature would arise as `miraculous' successes of the semiclassical approximation.
In this context, it is important to note that the problem of understanding black hole
entropy can be addressed independently of the details of the endpoint of black hole evapo-
ration. Phenomenologically, one assigns entropy to a black hole only during the period in
which it is radiating thermally. For this reason, a concrete low energy picture should be
attainable to the extent that Hawking's emission formula can be considered as accurate at
least for some period of time.
In this paper we investigate some aspects of this problem. In section 2 we present the low
energy expansion of classical `intrinsic' entropy in a non-equilibrium situation: the decay of
hot at space by thermal black hole nucleation, as studied by Gross, Perry and Yae [11].
We emphasize how the euclidean formalism avoids the renormalization diculties inherent to
geometric entropy constructions. The next two sections are devoted to study formal aspects
of geometric entropy divergences. We derive an euclidean formalism for geometric entropy
which is markedly dierent from the conical singularity formalism [12], and makes manifest
the non-renormalizability of the original 't Hooft's divergence. We also point out that, in
mirror models for semiclassical black hole evaporation, 't Hooft's divergence becomes an
artifact of the eternal black hole geometry as a model for the late time limit of classical
collapse. Finally, in the last section we propose a qualitative physical picture in which black
hole entropy is associated to a Hilbert space of quasi-coherent states for the infalling matter
and gravitational eld. One of the appendices contains a computation that would otherwise
disrupt the main line of the text. The other develops the subject of the instabilities of the
thermal vacuum of two dimensional dilaton gravity.
2 Thermal nucleation of black holes and entropy
There is an elegant operational denition of black hole entropy appropriate for non-equilibrium
situations, based on the fact that semiclassical decay processes can be computed by means
of euclidean instanton methods. For example, when charged black holes can be pair created








is the eective density of nal states. The classical instanton contribution is
such that 
e
is enhanced for non-extremal black holes with respect to the extremal ones









It was pointed out in Ref. [14] that the quantum corrections (uctuation determinant)













is the Hawking inverse temperature (the black holes are created in equilibrium
with the Hawking radiation), and H
(0)
is the free Hamiltonian for the physical (transverse)
uctuations around the instanton. This quantity diverges due to the continuous spectrum of
eld excitations in the black hole background [2], in a way which is not easily renormalized
in low energy couplings. As a result, it seems that the calculation of the quantum corrections
to S
BH





=4G could not be substantiated in a low energy eective description.
This state of aaires contradicts the low energy theorem of Susskind and Uglum [9], which
states that an inambiguous low energy expansion exists for S
BH
. Whereas a breakdown of
the eective description could be expected in a remnant scenario, one would regard it as
unreasonable if the classical theory failed to provide an adequate description of large enough
black holes.
In this section we cast the low energy theorem of Ref. [9] into the language of Eq. (4)
and leave a detailed study of Eq. (5) for the next section.
Black hole entropy as a classical enhancement factor of the nal state degeneracy may be
studied in a technically simpler situation, which nevertheless retains many physical features
of the charged pair production, at least for large black holes. This is the thermal nucleation
of neutral black holes in hot at space, as studied in Ref. [11], where it was computed to
one loop order in the dilute instanton gas approximation. The corresponding instanton is
simply the euclidean section of the Schwarzschild geometry, which mediates the nucleation
of black holes of critical mass M = =8G inside a thermal bath of gravitons in at space



















The relation between the imaginary part of the free energy and the nucleation rate in this












In other words, the euclidean instanton is better thought of as a sphaleron. Indeed, it is
time independent (the Schwarzschild metric is static) and the uctuation determinant in the






for the appearance of an imaginary part of the free energy. The term proportional to m
3
P`
in Eq. (6) comes from the integration over the collective coordinates of the sphaleron, and
the term ()
212=45
is due to the anomalies associated with the Euler number counterterm,
which is non-vanishing in the euclidean Schwarzschild section. The mass scale  appears as a
dimensional transmutation (analogous to 
QCD
) of the dimensionless Euler number coupling,
which then becomes a running coupling, and may be phenomenologically determined (a
natural value in this context is  ' m
P`
). Finally, the exponential supression factor comes
3
entirely from the classical gravitational action e
 I
cl

















The interpretation of Eq. (6) according to the Fermi rule Eq. (4) is based on the fact that,
due to the non-trivial topology of the euclidean Schwarzschild section the classical supression
factor is not exactly the Boltzmann factor e
 M
. Indeed, on a manifold with cylindrical







. On the other hand, on the Schwarzschild manifold, with
topologyM = DiskS
2








The Boltzmann factor is in excess exactly by the value of the classical black hole entropy















Hence, an operational denition of black hole entropy in this context would be the excess
of the classical action over the Boltzmann factor
S
BH
 M   I
cl
(M) : (10)
Since the gravitational sector may be regarded as a low energy eective theory, quantum
corrections require the introduction in I
cl























Here we have supressed the cosmological constant counterterm, since asymptotic atness is
a condition of the problem. The leading term absorbs the renormalization of the Newton
constant, while the others are also phenomenologically determined. It is important to note
that the denition of S
BH







In the original analysis of Gibbons and Hawking [3], the derivative was taken on the space
of classical solutions of the eld equation. Alternatively, in the conical singularity method
[16, 17], one holds M xed while varying , thus going o-shell due to the conical singularity
at the horizon (this method suers from certain ambiguities in the temperature dependence
of the one loop counterterms [18]).
Actually, one may regard the sphaleron-like interpretation of the euclidean Schwarzschild
instanton [11] as more natural than the thermostatic interpretation behind formula (12),
because the negative mode at one loop signals an instability of the canonical ensemble for
thermal gravitons, in addition to the infrared Jeans instability. Yet, the low energy eective
theory predicts a value for the decay rate which may have physical meaning. The denitions
based on Eqs. (10) and (12) will give, in general, a slightly dierent low energy expansion,
although the leading term seems to be universal (in a fashion similar to the rst two terms
of the beta function in gauge theories, which are independent of the denition of physical
coupling).
4
A very striking feature of Eq. (6) is the absence of the potentially troublesome partition
function in Eq. (5). In fact, it is easy to see that it cancels against the at space normaliza-
tion, up to an ultraviolet nite boundary or `surface tension' term. To be more specic, let


























= NM=2 and Z
(N)
denotes the perturbative partition function around














where C stands for the contribution of the collective coordinates (zero modes) and anoma-




is a combination of second order elliptic dierential operators which includes
uctuation kernels for the physical as well as unphysical graviton polarizations, and the
corresponding ghost terms [19]. Roughly speaking, the ghost determinant cancels the longi-
tudinal and trace parts of the graviton excitations, leaving the physical (transverse-traceless)
uctuations.
In any covariant regularization, the ultraviolet divergences in the perturbative eective
action W
e
= 1=2 log det(I
00
(N)
) can be absorbed in the counterterm series of I
cl
. A very
convenient one-loop prescription is given by zeta function regularization, which only requires
the spectrum of I
00
to be discrete. This is always the case at nite volume, since all operators
are elliptic and the euclidean manifold is compact with boundary. If we write the ultraviolet
nite part of W
e
as a volume integral it is clear that, within the dilute gas approximation
and in the large volume limit,W
e
is dominated by the free energy of gravitons in at space.
Let us separate the contribution of the asymptotic thermal gravitons from those close to the
















denotes the free energy density of gravitons in at space, and V
BH
is
















is a boundary free energy given by the contribution toW
e
coming from the horizon














is a pure number, independent ofM . In fact, F
B
appears as a constant













For small black holes (corresponding to high temperature) this term should approach zero,
whereas for large black holes (i.e., low temperature), W
hor
scales like the vacuum energy of





















When the multi-instanton sum is performed the term F
B
exponentiates and it contributes
to the imaginary part of the free energy. The real part is given by the at space free energy























is dened in Eq. (11) and f() = ()
212=45
+ : : :, is obtained from the pertur-
bative expansion of the beta function associated to the dimensionless coupling to the Euler
number.






) dominates the suppression factor
at low temperatures. This agrees with the fact that surface eects become increasingly
important: in the large M limit the Rindler region covers all of (euclidean) space. The
boundary partition function is thus related to the part of Eq. (5) coming from the vicinity of
the horizon. Remarkably, there is no problem here with a continuous spectrum of excitations
(for non-extremal black holes) since all the operators involved have discrete spectrum at nite
volume and admit zeta function regularization.
In the construction presented above, black hole entropy is fundamentally a classical ob-
ject with no microscopic interpretation, and quantum corrections organize in a low energy
expansion. Furthermore, the renormalization of the Newton constant implied in the deni-
tion of S
BH
is the same that one would obtain from graviton scattering far from the black
hole, as long as a covariant procedure, such as zeta function regularization, is employed
everywhere. This, in turn, is ensured by the fact that the nite volume euclidean manifold
is compact and smooth and therefore, at the equilibrium temperature there is no global
distinction between nite temperature free energy and vacuum energy.
3 Euclidean topology of the black hole and geometric
entropy
In this section we study some aspects of the Hamiltonian partition function, Eq. (5), which
following Unruh [20], is related to the entanglement density matrix in the vacuum of the
extended eternal black hole geometry. We start by reviewing the disease caused by continuous
black hole spectrum, as rst pointed out by 't Hooft in Ref. [2], and work backwards to derive
an euclidean formulation which makes manifest the dierences between Eq. (5) and the term
exp( F
B
) that we have found in the previous section.
Although we have in mind the physical situation studied in section 2 (thermal gravitons)
the discussion may be generalized to dierent matter contents. In general, let the gaussian
6








' L ' ; (21)
where L =  r
2
+V (g) and ' represents the physical (transverse) excitations. For example,




+R+ : : :, while for transverse-traceless gravitons|












(we are focusing on bosonic elds for simplicity).
Choosing a time slicing adapted to the Killing vector @=@t, where t is the asymptotically
minkowskian time, we may express the free canonical hamiltonian associated to Eq. (21) in
































At nite volume, this quantity is ill dened even with an ultraviolet cuto in the frequency
sum: !  . The reason is that the spectrum of a black hole in a box is still continuous















In tortoise coordinates r

= r + 2GM log jr=2GM   1j this is a Schrodinger problem for
radial excitations with L
2









as we approach the horizon (r

!  1). As a result, the spectrum is continuous unless a
horizon regulator (brick wall) is imposed. This all looks very dierent from the discussion in
the preceeding section, where all operators would present discrete spectrum after standard
infrared regularization (large volume cuto).
In particular, as pointed out in Ref. [14], the problem of continuous spectrum seems
to remain even after the Newton constant has been renormalized according to graviton
scattering far from the black hole, because it only depends on the existence of the horizon
as an innite red-shift surface. Heuristically, the brick wall boundary condition is a local
ultraviolet cuto, because the condition !   is not a uniform cuto for local static






. Thus, the brick wall cuts o
unphysical static frames. It is, however, very disturbing that this interpretation of the cuto
is frame dependent.
In order to bring the discussion to the terms of the rst section, it is necessary to rewrite
the free energy Eq. (23) in euclidean form. This can be done directly, as in at space, by














































. From Eq. (24) we conclude
that
b











+ V (g)) (27)











(x) are the spatial harmonics in Eq. (24).






The inner product for
b
L, as inherited from the L
2
inner product in tortoise coordinates (or















































































are the Fourier coecients of the eld ' in a basis orthonormal with respect to the
product (30).



















L with the inner product Eq. (29) is classically equivalent to the operator
L with the covariant inner product. However, quantum mechanically, there is a dierence in
the path integral measure.


































This result was also obtained in Ref. [22] using the canonical derivation of the path integral.
It is remarkable because it shows that the canonical partition function coming from entan-
glement is not formally equal to det
 1=2
(L). Rather, it equals the determinant of a related
operator which is singular at the horizon where g
00
= 0. Accordingly, the operator
b
L has
continuous spectrum at nite volume, and does not admit zeta function regularization unless





M =M fHorizong is non-compact in the vicinity of the
horizon. If we would use this as the physical thermal manifold, the classical contribution
to the entropy would vanish, which means that the low energy expansion of the previous
section is either wrong, or should apply to some quantum entropy yet undened.
The peculiar topology associated to Eq. (34) can be traced back to its origin as geometric
or entanglement entropy. For example, if we consider the entanglement entropy generated
by performing a trace over half of Minkowski space [6], the formal procedure to expose the
thermal nature of the density matrix uses a trick due to Unruh [20] (see also Refs. [23, 12]).
One decomposes the total Cauchy surface into two non-compact left and right compo-
nents by an appropriate coordinate mapping, which in this case is equivalent to the Rindler
acceleration. Since the two components are non-compact, in fact the origin (the position of










are the left and right Hilbert spaces, and H
0
is the total Hilbert space minus the eld




The density matrix for the vacuum obtained by tracing out degrees of freedom in the left










































are the Fourier components of the spatial elds in the right half-space, analyzed
in the basis of spatial eigenfunctions  
!
(x) orthonormal with respect to the spatial section





, whereas the prefactor comes from the uctuation
determinant around the classical path. It is easy to check that to obtain it from the four
dimensional euclidean path integral one must use the noncovariant measure in Eq. (34), and
introduce ', '
0
as the values of the eld at each side of the cut along  = 0 [23, 12].
These results may seem disturbing at rst, because they indicate that the euclidean con-
struction for entanglement entropy is formally dened in terms of
b
L instead of the covariant
operator L. On the other hand, we know that the Hartle-Hawking Green's function dened
without boundary condition on the euclidean sectionM is the correct thermal Green's func-









Again, this follows easily from the freedom to choose dierent operators provided the inner
































Using the expression for
b






















G are obviously identical when the boundary conditions are the same,





) cannot be extended to the horizon in terms of the eigenfunctions
of
b





G also in the no boundary case.
Thus, for local physics, the dierence between
c
M and M is just the way in which the
no-boundary condition of Hartle and Hawking is introduced. However, the dierence is
important for the issue of the total number of states of the black hole in low energy eld
theory.
4 Horizon divergences, Newton constant and mirrors
According to Eq. (26), there are many path integral versions of the same determinant,
because we can change the operator at the price of rescaling the inner product (thereby
changing the functional measure). A particularly nice variation is given by the `optical'








































In the conformally invariant case, a nice relation between the determinants of L and
b
L
can be written using the optical operator as an intermediate step. A conformally invariant

















































But the last path integral is conformally related to the covariantly regularized path integral

























(see also Ref. [22]). In two dimensions I
L
is the standard Liouville functional, while in four
dimensions it is in general a non-local action [26].
These equations only make sense with a brick wall in place, because otherwise the non-
compact operators have no well-dened determinant. In such a situation I
L
   nite,
i.e., it contributes only to the vacuum energy (not to the entropy). This means that one can




The leading brick wall divergence is in fact independent of the particular potential term
occurring in L =  r
2
+V (g), provided V (g) is regular in the horizon region. This is due to
the fact that the leading divergence depends only on the eective potential  g
00
V (g), which
vanishes exponentially in the horizon region. The potentially troublesome angular degrees
of freedom [27], which may spoil the accuracy of the WKB approximation, sum up such that
the WKB result is surprisingly correct (this is easy to check by using Eq. (42) and computing
in the optical metric [18, 22]).





















is the brick wall cuto. In two dimensions S
div
= 1=6 log 
 1
bw
. Also, for fermions
one obtains the usual statistical correction factor S
Fermi





At this point one can adopt dierent attitudes. If black hole entropy is primarily regarded
as a quantum object and Eq. (43) considered at least part of it, then the entropy is clearly
cuto dependent. We cannot compute it nor understand what degrees of freedom it accounts




=4G with G the long distance Newton constant,
comes out `miraculously' from quantum gravity dynamics. Variations of this idea have been
put forward by various authors [2, 5].
Another possibility is to regard geometric entropy as a true quantum correction to the
classical term, and take Eq. (43) as a counterterm renormalizing Newton constant. The
problem here is that the renormalization conventions appropriate for graviton scattering far
from the black hole and for Eq. (43) do not agree in general. For example, the counterterms
induced by a scalar eld on the vacuum energy are (in Schwinger proper time regularization)



































+ : : : (44)












Now, in order to compare Eqs. (43) and (44) we must relate both cutos. This can be
done by recalling that the Schwinger proper time cuto is a length cuto for paths in the
11
rst quantized path integral representation of determinants. Then, the only natural relation













) in four dimensions, which can not be absorbed with
the renormalization above. As a consequence, if we want the renormalization to work along
the lines of section 2, we are led to ad hoc choices of brick wall cuto or ad hoc normalization





These comments show that the renormalization of geometric entropy divergences into G
is, to say the least, problematic. In fact, in the WKB approximation one basically gets the
















This suggests that the divergence in Eq. (43) is unphysical, or at least irrelevant to the
problem of black hole entropy. Any quantity computed from
b
L refers to a family of static
observers which become singular at the horizon|a physical static frame at the horizon has
innite energy. Yet, this is an artifact of the eternal black hole geometry as an eective
approximation to a collapse solution. This point deserves further explanation.
Hawking radiation is dynamically generated by the time-dependent gravitational back-
ground in the vicinity of the collapsing matter. In the asymptotic regime, the time dependent
background can be eliminated in favor of a dynamical boundary condition by an appropri-
ate choice of coordinates. This gives the mirror model description of black hole emission.
Locally, for free eld propagation in radial modes, the point r = 0 is a perfectly reecting




(r = 0) '  t Ae
 t=2GM
+B : (48)
In these models, the position of the infalling matter at late times stays asymptotically at
a xed tortoise distance from the origin, and provides a natural cuto for the static Cauchy
surfaces. At any nite t, the spectrum of elds inside a large box is discrete, becoming
continuous only in the mathematical limit t =1, which is totally unphysical because of the
back reaction. We can rewrite Eq. (47) in terms of the optical volume















In two dimensions the optical volume diverges linearly with the tortoise coordinate (loga-















If we want to regard Eq. (49) as the geometric entropy outside the infalling matter we
must get rid of the boundary divergence at the position of the outer shell. This can be
done following Ref. [28], by subtracting the geometric entropy in the vacuum (the mirror
12
remaining stationary). The result should be an extensive entropy with respect to the optical
volume (this was explicitly checked in two dimensions in Ref. [28], and it is very plausible
in four dimensions as well). In any case, as the tortoise position of the infalling matter
recedes to r

!  1, the optical volume diverges exponentially and we nd the divergence
of 't Hooft.
Therefore, if we regularize an eternal black hole by a physical collapsing star, the con-
tinuous spectrum disease becomes an artifact of the time slicing used inside the collapsing
star, or else it corresponds to the innite entropy production at t =1.
The entropy source in these models is formally the mirror itself, although a more accurate
interpretation would be that the time-dependent state of the infalling matter and gravita-
tional elds decays with a thermal cross section. In this sense, the diculties in locating the
proper degrees of freedom of black hole entropy are naturally due to the classical treatment
of the radiation source.
5 Discussion
We have explored some of the diculties of geometric entropy as a candidate for the quantum
origin of black hole entropy. In particular, explicit subtractions in mirror models, as in Ref.
[28], leave us with 't Hooft's innity in the limit t!1. Hence, this divergence is likely to be
unphysical and in any case it has a very dierent structure from those that are renormalizable
in low energy couplings.
In section 2 we have shown that classical `intrinsic' entropy makes sense in low energy
eective theory even in a non-equilibrium situation. The fact that it appears as a classical
object could be due to the use of stationary saddle points to approximate the path-integral.
After all, in the sphaleron interpretation of black hole nucleation out of hot at space one is
talking about a classical process of excitation over the barrier, i.e., the nucleated black holes
are formed by physical collapse of graviton `matter'. But, of course, there are no temporal
Killing vectors inside the collapsing matter, even asymptotically.
Indeed, from the point of view of mirror models, one would associate the quantum de-
grees of freedom of black hole entropy with the radiation source: the infalling matter and
corresponding time-dependent gravitational eld. The problem, of course, is that this Hilbert











. Here is where exotic quan-
tum gravity physics, such as the `holographic' phase [8, 29], seems unavoidable.
Actually, there is a natural notion of black hole entropy, closely related to the phenomeno-
logical derivation of 't Hooft given in section 1, which avoids explicit input from Planck-scale
physics. It is based on the idea that a black hole radiates not because it is thermally excited
in some way, but just because its cross section for decay happens to be thermal.
In Hawking's approximation one computes the decay rate by scattering the asymptotic
vacuum o the time dependent classical gravitational eld. In a full quantum treatment the
condition that the external eld approach is a sensible approximation can be formalized by
taking a coherent state for the infalling matter state (and the induced graviton condensate).










where states are approximated by the product of a coherent time-dependent infalling state
j	
coh
(t)i and a dilute radiation state j!
1
: : : !
n
i of n Hawking quanta. The interaction Hamil-
tonian in the extreme coherent approximation would induce an eective time-dependent























This yields Hawking's analysis. However, quantum back reaction changes this picture,




 j0i ! j	
!
(t)i 
 j!i ; (53)
where j	
!
i is at best quasi-coherent, and is distributed depending on ! (i.e., it is entangled
with j!i). If j	
coh




(t)i = (M   !)j	
!
(t)i.






states of the infalling Hilbert space are not quasi-
coherent and, therefore, if excited they do not decay thermally at all. For example, if a super-
Planckian Hawking quantum is generated with !  M=2, then, obviously, the entangled
states j	
M=2
(t)i must be very far from being coherent. Of course, during the rst stages of
the evaporation process we know that, as long as Hawking's computation is accurate, most




M , then all the states j	
1=GM
(t)i should be
quasi-coherent. How many of these states are there? This is a dicult computation to do,
but one can estimate their number by counting the number of ways to extract independent
subsystems of energy (GM)
 1















That is, the correct order of magnitude. We think that this notion of quasi-coherence as a
basis for black hole entropy is the closest to the spirit of the phenomenological derivation of
the entropy based on Eq. (3) and, most importantly, it does not necessarily rely on unknown
quantum gravity eects, which could pollute Hawking's calculation even in the earliest stages
of the evaporation process.
In any case, if important deviations from thermality should occur from the beginning,
variants of this picture can be accomodated. For example, if we consider a set of infalling








then, following the discussion in the introduction, the entropy associated to this subset of






(M; 0) : (56)
It would be very interesting to further study these notions in simplied models.
It is amusing to speculate what this picture implies for the late stages of the evaporation
process. With the denition (54), S
BH
is clearly decreasing in time, because the quasi-
classical infalling state progressively decoheres. It is clear that, after a number of soft
14
emissions of order GM
2
|so that the remaining mass is, say M=2|then the infalling state
is very poorly approximated by an external classical eld. Therefore, further decay will not
proceed with a thermal cross section; it seems that the infalling matter can become `fuzzy'
still at macroscopic masses, thus spoiling Hawking's prediction long before higher derivative
gravity counterterms become important. In contrast to other scenarios [8, 30], this would
be a purely `soft' resolution of the information puzzle. Of course, under these conditions the
`operational' version of the Equivalence Principle is violated: any infalling observer trying to
experience a smooth transition through the horizon would have lost its classical properties
in a much earlier stage.
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Appendix A
In this appendix we check explicitly in Rindler space the equality of the Green's functions of
the operators
b
L and L, when both are computed with no boundary condition at the horizon.
The Green's function of
b





































(x) are eigenfunctions of Eq. (24) for the particular case of Rindler space. Clearly,
this yields the solution to Eq. (38) in the text.

















where  is the euclidean time,  is the coordinate that labels constant acceleration trajec-
tories, and x
j
are at transverse coordinates. In these coordinates, and after separation of
transverse space variables, Eq. (24) takes the form of a Bessel equation. As stressed in the
text, an important feature here is that in the absence of a cuto for small  the spectrum of
frequencies ! is continuous.





















































() are modied Bessel functions.









cosh !(   =2)
sinh !=2
: (60)
We will be interested precisely in  = 
H
= 2.
Transverse momenta can also be integrated (details on similar manipulations can be

















































































At this moment we want to interchange the order of integrations. Convergence then requires


























where the contour C runs from  1 to +1 passing above the pole at  = ij j. We can
split the integration contour into a straight line along the real axis and a clockwise contour
encircling the pole. The former contribution vanishes by antisymmetry of the integrand,




































is the geodesic separation between the points
x; x
0
as written in Rindler coordinates. Then Eq. (64) is precisely the euclidean, zero-
temperature, Green's function in Minkowski space, i.e., the Hartle-Hawking Green's function,
with no boundary condition placed at the horizon. It must be noted that Eq. (64) admits an
expansion into Bessel functions of integer order, corresponding to the standard solution of
the Laplacian L in DiskR
d 2
, regular at the origin and with discrete frequency spectrum.
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Appendix B
In this appendix we briey study the possible thermal instabilities of the linear dilaton
vacuum of two dimensional dilaton gravity, along the lines of the four dimensional analysis
of Ref. [11]. This is an interesting exercise because euclidean gravity is on a much rmer
ground in two dimensions and there is a chance that all manipulations have a meaning in
Lorentzian signature. For example, string theory in the light cone and the euclidean covariant
approach provides an example of such an equivalence.























is determined for our purposes by requiring that, on a hamiltonian thermal man-
ifold, I(cylinder) = M
ADM
.












































and a dilaton ' =  1=2 log[M=   exp(2)] where  is a tortoise coordinate (the horizon





' =  , which becomes strongly coupled at left innity. In this case, unlike in four
dimensional black holes, the Hawking temperature is unrelated to the mass and only depends
on the cosmological constant, T
H
= =2. This is an important dierence, since it implies
that all black holes have the same temperature and that the phenomenological entropy is
proportional to the mass S
BH
= 2M=. The classical suppression factor for black hole
nucleation vanishes in this case as
I
cl





K = M   M = 0 : (68)
Also, if we set  6= 2=, thus going o-shell,
I
cl










is the value of ' at the horizon and  is the Euler-Poincare characteristic. Therefore
the conical singularity method yields the right answer for the entropy, as well as the classical
method, Eq. (10), since at the critical temperature
S
BH







Now, the one-loop computation of the free energy around a particular instanton is similar
to that in Ref. [11]. Here we have a renormalizable theory, but the position-dependent
coupling g
s
= exp' makes it very dicult the non-perturbative analysis of the path integral.
At a perturbative level there is a potential instability coming from the fact that the
dilaton eld has the wrong metric. In this respect, it plays a role similar to the conformal
factor of the metric in four dimensional gravity, and should not be considered as a physical
excitation. In fact, pure two dimensional dilaton gravity has no propagating degrees of
freedom. This is readily seen in the Lorentzian path integral with the action (66). The
functional integration over ' induces the condition that  ' be harmonic, so we can choose
a (Kruskal) gauge in which  = '. If we want to mantain this in the euclidean path integral,
we must integrate ' = '
cl

















). This enforces  = '
cl
and
the determinant is cancelled by the ghost determinant.
The analysis goes through if one adds appropriate counterterms to take care of the one-
loop conformal anomalies. Here one nds many variants of the same model. For example,
the one-loop action studied in Refs. [33, 34] is constructed such that the manipulations above
make sense with exp( 2') replaced by 
  exp( 2') + N'=24. In general, the eective
action must preserve conformal invariance, and by means of non-linear eld redenitions




















So we see that Y works like a target time. In Lorentzian quantization one must cancel X
against Y , leaving the N `transverse' matter excitations. In euclidean quantization one must




) from the X, Y integrals cancels against the
ghost determinant.





), which is positive denite. No imaginary part of the free energy is generated,
and consequently there is no black hole nucleation. In addition, the absence of propagating
gravitons rules out any possible infrared Jeans instability.
This absence of tunneling barrier is compatible with the classical canonical thermody-

















At the critical temperature T
H
= =2 there is a at direction in M , and the canonical
ensemble makes sense for two dimensional black holes, at least within perturbation theory.
It is also interesting to analyze the classical microcanonical ensemble, where one maxi-
mizes the combined entropy S = (=3)NLT+2M= at xed total energy E = (=6)NLT
2
+
M . The result in this case is very dierent from that in four dimensions [36]. If the energy




N=(24) then we have pure radia-
tion with temperature T =
q
6"=N . Above this energy the temperature remains constant
T
H




Regarding the one-loop divergences of the entropy, it is well known [9] that the logarithmic
divergence S
div
= N=6 log 
 1
from N matter elds contributes an innite additive constant
to S and cannot be renormalized in . In this respect, two dimensional black holes follow a
pattern dierent from their four dimensional counterparts.
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